Neutrinos are believed to have a key role in the explosion mechanism of core-collapse supernovae as they carry most of the energy released by the gravitational collapse of a massive star. If their flavor is converted fast inside the neutrino sphere, the supernova explosion may be influenced. This paper is reporting the results of the extended work of our previous paper. We perform a thorough survey of the ELN crossing in one of our self-consistent, realistic Boltzmann simulations in two spatial dimensions under axisymmetry for the existence of the crossings between νe andνe angular distributions, or the electron lepton number (ELN) crossing. We report for the first time the positive detections deep inside the core of the massive star in the vicinity of neutrino sphere at r ≈ 16 -21 km. We find that the appearance of light elements enhances the chemical potential difference between proton and neutron, which mitigates the Fermi-degeneracy of νe and facilitates the ELN crossing. Since the region of positive detection are sustained and, in fact, expanding with time, it may have an impact on the explosion of core-collapse supernovae, observational neutrino astronomy and nucleosynthesis of heavy nuclei.
I. INTRODUCTION
Neutrinos (ν , s) are fermions and are one of the most abundant particles in the universe [1] . They are massive particles, with their mass eigenstates being not diagonal with their flavor eigenstates [2] and, as a result, they oscillate among their three flavors (ν e , ν µ and ν τ ) while propagating in vacuum [3] . When neutrinos propagate through a medium, they gain effective mass due to interactions with matter and give rise to a phenomena called the Mikheyev-Smirnov-Wolfenstein (MSW) effect [3, 4, 5] . The self-energy can be also generated by interacting with other neutrinos and if the environment is neutrino-rich, the so-called collective neutrino oscillations occur in which the flavor evolution becomes nonlinear and hence very complicated [6, 7, 8, 9] .
Core-collapse supernovae (CCSNe), which are the end phase in the evolution of the massive stars with a zeroage-main-sequence (ZAMS) mass of 8 M , are one of the most energetic explosions in the universe and are environments where an enormous amnout of neutrinos are produced [10] . Although the exact explosion mechanism of CCSNe is not fully understood, it is well known that neutrinos are the key players as almost all of the energy released by the gravitational collapse of a massive star is emitted in the form of neutrinos and the kinetic energy of ejected materials in the explosion is only about one percent of the neutrino energy [11] .
About a decade ago, it was pointed out by Sawyer that the neutrino flavor conversion may occur near the neutrino sphere and if true, it will have a strong impact on the explosion mechanism of CCSNe. He reported in a series of papers [12, 13, 14] a mechanism called "fast oscillation", in which the frequency is proportional to the neutrino potential µ ∼ √ 2G F n ν . It is known that the fast flavor conversions occur when the "electron-leptonnumber (ELN) crossing" exists [14, 15, 16, 17, 18, 19] , that is, the difference between the energy-integrated distribution functions of electron-type neutrinos and their anti-particles changes its sign as a function of propagation direction. It is believed that CCSNe are one of the best astrophysical environments for the fast flavor conversion because neutrinos with different flavors are highly populated there, having different angular distributions.. So far the fast flavor conversions in the realistic settings have been studied only in 1D under spherical symmetry and no sign of the ELN crossing has been found [20] . In our previous paper [21] , we conducted a pilot arXiv:1910.06176v2 [astro-ph.HE] 15 Oct 2019 study based on a small number of data extracted from our fully self-consistent realistic simulations of CCSNe in two spatial and three momentum dimensions with our Boltzmann-neutrino-radiation-hydrodynamics code [22] . We did not find any crossing between ν e andν e angular distributions at a specific point (r = 44.8 km, θ = 2.36 rad) in three different time-steps after bounce (15, 190 and 275 ms) . In contrast with our results, a positive detection of the ELN crossings at r 50 -70 km was reported in [23] . It should be mentioned that their results were based on the time-independent neutrino distributions computed for some fixed matter profiles and hence were not fully self-consistent. Very recently Nagakura et al. [24] also found the crossings at similar regions in one of their latest self-consistent simulations with an updated EOS.
The goal of this paper is to conduct a more thorough survey of the ELN crossing in our fully self-consistent, realistic simulations of CCSN in two dimensions under axisymmetry with our Boltzmann-neutrino-radiation-hydrodynamics code that computes neutrino transport together with hydrodynamics. The same data as employed in the previous study [21] are again used. We report for the first time in the following a positive result found at about r 16 -21 km, which is inside the neutrino sphere. If the fast flavor conversion occurs at this small radius indeed, it is likely to have some impact on the supernova explosion.
This paper is structured as follows. In Sec.II, we summerize the equations to give the dispersion relation for the fast collective neutrino oscillations, which will be used in the later analysis, and present briefly the numerical models adobted in this study. Sec.III presents the survey results and finally in Sec.IV we conclude the paper with some discussions.
II. METHOD AND MODELS

A. Dispersion relation
In this paper, we rely on the ELN crossing as a criterion of the fast flavor conversion and do not conduct linear analysis as in the previous paper [21] in most cases. We will still use, however, in some cases the dispersion relation and the growth rate of the fast conversion for detailed analysis. We hence give the procedure to obtain the dispersion relation. Following the previous works [19, 21, 25, 26, 27, 28, 29, 30] , neglecting ordinary collisions, we begin with the equation of motion for density matrix ρ as
The Hamiltonian H in Eq. (1) is written as
where each term is given as
In the above expressions, M 2 = diag (m 2 1 , m 2 2 , m 2 3 ) in the mass eigenstates is the mass-squared matrix in vacuum. In H matter , we define the four velocity of neutrino as v µ = (1, v); Λ µ = √ 2G F (n e − n e + ) u µ is the matter potential given with four velocity of matter u µ ; σ 3 is the third Pauli matrix σ 3 = 1 0 0 −1 . In this paper the metric is assumed to be diag(1, -1, -1, -1). In H collective , which is responsible for the collective neutrino oscillation, G F is the Fermi coupling constant, ρ denotes the density matrix for the neutrinos with energy E , which moves at the four velocity of v µ = (1, v ); dΥ = dv /4π is the infinitesimal solid angle in momentum space normalized by 4π. As in our previous paper [21] , work in the two-flavor (ν e and ν x ) approximation as a common practice for simplicity, where ν x stands for ν µ and ν τ collectively. The density matrix in Eq. (1) is expressed as
where the off-diagonal element in the matrix, S p (t, r), is the complex scalar field and represents the flavor coherence between ν e andν e for momentum p; the diagonal element, s p (t, r), is the real field and obeys S p 2 +s 2 p =1; f νe and f νx are the neutrino distribution functions for ν e and ν x , respectively. When the neutrino is in one of the flavor eigenstates, s p and S p are 1 and 0, respectively, and Eq. (1) can be written as
We assume ν x andν x have the same distributions in this paper. As we focus on the fast modes here, we ignore H vacuum in the following. Then the equations no longer include E explicitly and we will deal with the energy-integrated quantities, e.g., S v = E 2 dES p from this point on. By assuming that S v 1, we linearize Eq. (1) integrated over energy and obtain the following EOM for S v :
where G v is the electron-lepton number (ELN) angular distribution defined as
where
Eq. (10) can be recast into
where the polarization tensor Π µν is given as
with the Minkowsky metric η µν = diag(1,-1,-1,-1). Equation (12) 
This equation gives us the dispersion relation between ω and k. As shown in our previous study [21] , it depends on the direction of the wave vector k in general and the radial direction is not necessarily the most important direction.
B. Models
As in our previous work [21] , we conduct our analysis to the results of the realistic two-dimensional (2D) fully self-consistent Boltzmann-neutrino-radiation-hydrodynamics simulations for the non-rotating progenitor model of 11.2 M [31], which were performed on the Japanese K supercomputers [22] . In these simulations, three neutrino species, ν e ,ν e and ν x are cosidered and their distributions are computed on spherical coordinates (r, θ) under spatial axisymmetry; we also employ spherical coordinates in momentum space (E, θ ν , φ ν ), in which the two angles are measured from the local radial direction. The computational domain covers 0 ≤ r ≤ 5000 km, 0 ≤ θ ≤ π, 0 ≤ E ≤ 300 MeV, 0 ≤ θ ν ≤ π and 0 ≤ φ ν ≤ 2π with 384(r), 128(θ), 20(E), 10(θ ν ) and 6(φ ν ) mesh cells. The results of the Furusawa-Shen equaion of state (FSEOS), which is based on the relativistic mean field theory for nuclear matter [32, 33] , are adobted also in this paper, simply for continuity from the previous pilot study [21] .
In this work, unlike in our previous paper [21] , which we analysed a single point (r = 44.8km, θ = 2.36 rad) alone, we make a survey for all the grid points inside the shock wave, searching for the crossings in the angular distributions between the electron-type neutrinos ν e and anti-electron neutrinosν e , i.e., the change of sign in the ELN defined as
where fν e and f νe are the neutrino distribution functions ofν e and ν e , repsectively. We also look into the disperdion relation at some representative points. Figure 1 is the contour plots for density ρ, electron fraction Y e and temperature T , respectively. White arrows represent the matter velocity, in the central portion (r 30 km) of the core, on which we will focus in this paper. These are the data from the same snapshots at t pb = 190 and 275 ms as used in our previous paper. Although we have explored various post-bounce times this time, we will mainly adopt the results at these times for reasons that will become clear.
III. RESULTS
We report here the positive detection of the crossing in the region of r 16 -18 km at t pb = 190 ms. These crossings are sustained for later times to t pb = 275 ms, at which time they occur in even wider region of r 16 -21 km. It is important that regions are located in the vicinity of the neutrino sphere and, as we mentioned already, the fast flavor conversion there may have an influence not only on the terrestrial observations of supernova neutrinos and nucleosyntheses but also on the supernova explosion itself.
In order to do further analysis, we pick up a point at the radius r = 16.5 km and the spatial zenith θ = 2.1 rad in the crossing region for t pb = 190 ms as a representative. We show in Fig. 2 Note that the scales are almost the same in these panels, which is in sharp contrast with our previous results [21] , where ν e overwhelmsν e by a large factor. One can see that both distributions are almost isotropic. However, some differences , albeit small, do exist, which give rise to the crossing. Indeed, ν e is still dominant in the radially outward direction,ν e prevails in the opposite direction as shown on the top row. It is also recognized that the distributions are not axisymmetric. This is also presented in Fig. 3 , in which the angular distribution differences between ν e andν e are exhibited in the upper row. The surfaces in these 3D plots are the ELN defined in Eq. (14) as a function of the propagation direction. The blue part corresponds to the directions, in whichν e is dominant over ν e and the opposite is true for the red section. The z-axis is aligned with the local radial direction and the x-axis is chosen so that it is contained in the spatial meridian section through that point. The four panels give the same angular distribution but viewed from different directions. It is clear thatν e overwhelms ν e in the radially inward directions.
We now apply the linear analysis to this ELN. The dispersion relations (DR) between the absolute value of the wave number k and the frequency ω of perturbations are displayed in the bottom panels of Fig. 3 for different directions of k as indicated by arrows in the upper panels at t pb = 190 ms. All the patterns in these DRs given here were actually observed in our previous paper [21] for artificially modified ELNs. This time the ELN is real, being obtained in our realistic self-consistent simulations. From the results in [21] we can say that this flavor state is unstable to the fast pairwise conversion and the growth rate will be largest for k directed radially inward, which is confirmed indeed in Fig. 4 . The instability is found for a much broader range of directions of k with similar growth rates, though, as understood from the same figure. The maximum growth rate is 1.3 cm −1 and the conversion occurs really fast compared with the hydrodynamical time scale. Note that the actual direction, in which perturbations grows, is not the direction of k but given by the group velocity. Now we come to the core question: why the crossing occurs in this region of the core. In our previous paper we contended that the crossing is not easy to obtain, since the angular distributions of ν e andν e become more different as one goes deeper, where neutrinos are coupled with matter and their distributions are affcted by matter motions, but the population ofν e will be suppressed by stronger Fermi-degeneracy of ν e and vice versa at larger radii, whereν e is more abundant but the angular distributions become not much different between ν e andν e . We find that in the regions, where the crossings occur, ν e is not suppressed and populated almost in comparable numbers to ν e in fact.
In order to see this more quantitatively, we define Γ as the ratio of the number density ofν e , nν e = d 3 p (2π) 3 fν e to that of ν e , n νe =
and plot them as color contours at three different times in Fig. 5 . We find that there are indeed some regions, where Γ becomes close to unity near the PNS surface as early as t pb = 160 ms. It is clear the maximum value of Γ for t pb = 160 ms, is 0.9 but it reaches to 1.2 and 2.5 at t pb = 190 and 275 ms, respectively. As we mentioned, we found the crossing for the first time at t pb ∼ 190 ms. In fact Γ tends to get larger as the time passes. It seems that the crossing occurs when Γ reaches unity for the first time (see the middle panel of Fig. 5 ). Note that the contour lines in the second and third panels (t pb = 190 and 275 ms) in Fig. 5 show Γ = 0.9, 1.0 and, 1.1 respectively. It is seen that the crossing occurs (black cross signs ) when Γ is very close to unity. This is understandable. Inside the neutrino sphere, the angular distributions of ν e andν e are both nearly isotropic (see Fig. 2 ) and, in order to get the crossing, their number densities should be almost the same. As mentioned above, Γ increases as time passes and it reaches unity for the first time at t pb = 190 ms when we find the crossings to rise at. It continues later times but still the ELN crossings occur in the regions where the value of Γ is ≈ 1 at these times. In Fig. 6 we present instead of their ratios the number densities of ν e (left panel) andν e (right panel) themselves at t pb = 190 ms as color contours. On top of them are the flux vectors of each species of neutrinos. In each panel, the left half is for the laboratory frame and the right half is for the fluid-rest frame. It is observed that ν e becomes more abundant at smaller radii whereasν e is almost absent at r 10 km. This is due to the strong Fermi-degeneracy of ν e in this region. It is also obvious thatν e is most abundant off center at r ∼ 15 km (see the yellow half-circles in the right panel of Fig. 6 ). This corresponds to the region, where the ratio Γ is largest. The neutrino fluxes are trailing the convective matter motions irrespective of species in the laboratory frame as can be seen in the left half of each panel. In the fluid-rest frame, on the other hand, the fluxes are determined mainly by diffusions. As a result, the ν e flux is mostly directed outwards, reflecting the fact that their number density is decreasing with radius rather monotonically. Some nonradial flows are recognized, though, in the regions, where the convective matter motions produce fluctuations of in Y e (see Fig. 2 ) as well as n νe and nν e ; on the other hand, theν e are diffusing inward at r 15 km and outward at r >15 km. This is just as expected, since their number densities are peaked at r ∼ 15 km as mentioned above.
As a consequence of this fact, ν e andν e are flowing in the opposite directions at r 15km. This gives the crossing crossings we found above. We now consider whyν e has a peak in the number density at r ∼ 15 km. The crucial quantity is the chemical potential of ν e defined as
where µ e , µ p and µ n are the chemical potentials of electrons, protons and neutrons, respectively. It is true that this has a rigorous thermodynamical meaning only when neutrinos are in chemical equilibrium, which is not true at the radius of our concern, but it still serves us as a measure to gauge whetherν e is suppressed by Fermi-degeneracy or not. In Fig. 7 we give the color maps of η νe ≡ µ νe /T at the same three post-bounce times. Crosses in this figure indicate again the places, at which we find the ELN crossings. One quickly recognizes that there appear a pocket of regions, where η νe 0 (light-bluish regions), at t pb ∼ 190 ms and that the boundaries of these regions coincide with the regions we see the ELN crossings. Deeper inside, η νe 1 is satisfied and it is consistent with the previous observation that the presence ofν e is strongly suppressed.
To give some numbers of relevance for one of the representative points (r = 16.5 km and θ = 2.1 rad), where detailed analyses are done so far, the values of denisty, temperature and electron fraction are ρ = 2.408 ×10 13 g/cm 3 , T = 20.4 MeV and Y e = 0.13, respectively, and the chemical potentials of electron, proton and neutron including the rest mass are µ e = 56.9 MeV, µ p = 848 MeV and µ n = 903 MeV, respectively. The electron is hence strongly degenerate here as expected. It is also found, however, that this large chemical potential of electron is almost canceled by the chemical potential difference between proton and neutron. Figure 8 shows the values of Y e , at which η νe = 0, as a function of density for three different temperatures. On top of them we also display the actual Y e and temperature distributions in green and yellow, respectively. For comparison, we plot the results for another realistic EOS by Togashi and Furusawa, which is known to satisfy various constraints for the hadronic EOS much better [34] and is favored nowadays. It is again confirmed from this figure that the combination of ρ, T and Y e considered above gives η νe ∼ 0. It is also clear that a similar result is obtained for the Furusawa-Togashi EOS, which suggests that the EOS-dependence is weak but more work is needed, though.
Note that we plot yet another case with short-dashed lines in the same figure. This is obtained by adopting the chemical potentials of non-interacting Boltzmann gases for µ p and µ n in evaluating η νe . The difference between this case from the other two cases reflect nuclear interactions. As a matter of fact, the actual values of µ p and µ n are different by ∼ 10 MeV from those for the non-interacting classical Boltzmann gases with the same number densities at the point of our current concern.
What is more important here for the realization of η νe ∼ 0, however, is the presence of light elements for this combination of ρ, T and Y e . In fact, since free protons are largely absorbed in light elements then, they become scarce and the chemical potential difference between neutron and proton is enhanced and cancels the large value of µ e . This is the ultimate reason we find the ELN crossings in these regions.
IV. SUMMARY AND DISCUSSIONS
We have extended our previous pilot study and conducted a full survey of the post-bounce core of 11.2 M progenitor, searching for the electron lepton number (ELN) crossing.
We have reported positive detections of the crossings at r ≈ 16 -21 km from the post-bounce time of t pb = 190 ms onward.
These regions are located inside the neutrino sphere and may have an impact on the CCSNe explosion. Conducting linear analysis for the representative points and times, we have confirmed that the crossing really induces the fast flavor conversion at least in the linear level and that the conversion occurs very quickly. As a results, although the regions, where we have found the crossings, are confined to narrow shells, they are still wide enough for the conversion to occur.
We have then studied rather in detail why the crossing is obtained at these regions alone. We have observed that the population ofν e is comparable to or even larger than that of ν e in those regions and that the ratio Γ of the former to the latter tends to increase in time. Since the angular distributions of ν e andν e are both nearly isotropic, the ELN crossing is possible only where Γ is very close to 1, which is really the case.
We have found that the chemical potential of ν e becomes almost vanishing although the electrons are still strongly degenerate and demonstrated that the large chemical potential of electron is almost canceled by the chemical potential difference of neutron and proton. This is possible at Y e 0.1 because of the presence of light elements, which take in most of the free protons. This phenomenon seems to depend on EOS only weakly and is likely to occur rather commonly.
It should be mentioned finally that the fact that we have found the ELN crossings and hence the fast flavor conversions in some regions inside the neutrino sphere is one thing but whether they have really some implications for supernova explosions is quite another. For one thing, the solid angle that these sporadically regions subtends is not very large although it tends to widen in time. We had better look into other simulation results for different progenitors and/or with different EOS's. Axisymmetry we imposed in our simulations should be removed. All three flavors should be taken into account. The nonlinear evo- lution of the fast flavor conversion should be investigated [35, 36] . And eventually we need to perform CCSN simulations with these fast flavor conversions begin somehow implemented [37] .
